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Introduction
Due to their inherent coupling of eld quantities, the Magnet-Electro-Thermo-Elastic (METE) materials have attracted much attention recently [1] [2] [3] [4] [5] . The superior properties of METE structures enable them to be used in a wide range of engineering applications such as transducers, actuators, vibration control devices, resonators, robotics, and high-density information storage devices [6] [7] [8] [9] [10] [11] . Also, due to the rapid advancement in modern nanoscience, nanotechnology, and Nanoand Micro-Electro-Mechanical Systems (NEMS and extended to the METE material to take the size e ects into account [31] [32] [33] [34] . Using a nonlocal Timoshenko beam model, the thermoelectric-mechanical vibration of piezoelectric nanobeams was examined by Ke and Wang [35] . Further, considering the in uence of magnetic potential, Ke and Wang [36] developed a nonlocal METE beam model to investigate the e ects of important parameters such as the nonlocal parameter, temperature rise, and external electric and magnetic potentials on the free vibration of METE Timoshenko nanobeams with various boundary conditions. According to the nonlocal theory and Kirchho plate theory, Ke et al. [37] analyzed the free vibration of sizedependent METE nanoplates with simply-supported edge conditions. Also, based on the nonlocal Mindlin plate theory, the free vibration of piezoelectric rectangular nanoplates with various boundary conditions under the thermo-electro-mechanical loading was studied by Ke et al. [38] . A nonlocal magneto-electroelastic Mindlin nanoplate model was proposed by Li et al. [39] for the analysis of size-dependent buckling and free vibration of magneto-electro-elastic nanoplates. Recently, Ke et al. [40] developed a nonlocal METE cylindrical nanoshell model based on the Love's shell and Eringen's nonlocal elasticity theories. This model includes the in uences of the small-scale parameter and magneto-electro-thermal loadings. Moreover, a few studies have been performed to investigate the surface e ect on the mechanical characteristics of piezoelectric nanostructures [41] [42] [43] [44] .
Although several nonlocal beam, plate, and shell models have been developed to examine the free vibration characteristics of METE nanostructures, the buckling behavior of nanobeams with different boundary conditions under the magneto-electrothermo-mechanical loading has not been considered. Moreover, the investigations have been done by employing the linear METE models and the geometrical nonlinearities in the METE nanosystems have been absolutely excluded. When the METE nanostructures are subjected to a large amplitude vibration or a buckling instability, these linear size-dependent METE models are not capable of predicting the mechanical characteristics of METE nanostructures. Therefore, the geometric nonlinearities must be considered.
To the authors' best knowledge, the sizedependent post-buckling analysis of the METE nanobeams has not been reported so far. Hence, in this study, it is attempted to develop a size-dependent nonlinear rst-order shear deformable nanobeam model to examine the post-buckling characteristics of METE nanobeams with di erent edge supports. By means of the Eringen's nonlocal elasticity theory, rst-order shear deformation beam theory, and von K arm an hypothesis, the nonlinear governing equations and corresponding boundary conditions are obtained. The developed beam model contains the e ects of smallscale parameter, thermo-electro-magnetic-mechanical loadings, and transverse shear deformation. Then, the Generalized Di erential Quadrature (GDQ) method is utilized to discretize the nonlinear governing equations, which are then solved using the pseudo arc-length continuation method to obtain the post-buckling path of the METE nanobeams under various edge supports. Finally, numerical results in the graphical forms are provided to investigate the e ects of various parameters such as the nonlocal parameter, external electric voltage, external magnetic potential, and temperature rise on the post-buckling path of METE nanobeams. This paper is organized as follows; in Section 2, the nonlocal elasticity theory for the METE materials is introduced and the mathematical modeling of the METE nanobeam is presented. By considering the appropriate non-dimensional parameters, the nondimensional form of size-dependent governing equations is given in Section 3. In Section 4, the postbuckling problem of the METE nanobeams is numerically solved using the GDQ method and pseudo arclength continuation algorithm. Results and discussion are presented in Section 5 and concluding remarks are given in Section 6.
2. Problem formulation 2.1. A brief overview of the nonlocal elasticity theory for the METE materials
According to the Eringen's nonlocal elasticity theory [28] [29] [30] and considering this hypothesis that the stress at reference point in a continuum body is a function of the strain eld at all points in the body, the basic relations for a homogeneous and METE solid are written mathematically as: 
Governing equations and corresponding boundary conditions
The considered system is an METE nanobeam of length, L, thickness, h, cross sectional area A, and moment of inertia of the cross section, I, as depicted in Figure 1 . The METE nanobeam is subjected to an electric potential, (x; z), a magnetic potential, (x; z), a uniform temperature rise, T , and a compressive axial load, N 0 x . Based upon the rst-order shear deformation beam theory, the displacements of an arbitrary point in the METE nanobeam along the axial direction, x, and lateral direction, z, respectively, de ned by u x (x; z) and u z (x; z), are given by: (4) where U is the axial displacement of the center of sections; W stands for the lateral de ection of the METE nanobeam; and x denotes the rotation of beam cross section.
Assuming that the METE nanobeam is subjected to small slopes after de ection, the von K arm an hypothesis can be utilized to express the nonlinear straindisplacement relations as follows:
Moreover, the electric potential and magnetic potential are, respectively, considered as [36] :
in which = =h; V E and H denote the initial external electric and magnetic potentials, respectively; and E (x) and H (x) represent the variations of the electric and magnetic potentials in the x-direction, respectively. Substituting Eqs. (6a) and (6b) into Eqs. (3a) and (3b), the non-zero components of electric elds (E x , E z ) and magnetic elds (H x , H z ) can be easily derived as follows:
The strain energy s of METE nanobeams can be obtained as: (5) and (7) into Eq. (8) yields:
where the normal resultant force, N x , transverse shear force, Q x , and bending moment, M x , present in Eq. (9), can be obtained by:
in which s = 5=6 is the shear correction factor. Moreover, the work done by applied external axial load, N 0 x , can be calculated from:
By means of the principle of minimum total potential energy and fundamental lemma of the calculus of variation ( s ex = 0; is the variational operator), the nonlinear governing equations of an METE beam corresponding to the classical Timoshenko beam theory are derived as:
Also, the mathematical expressions of associated boundary conditions at beam ends (x = 0; L) are derived: 
Now, to take the small-scale e ect into account, the Eringen's nonlocal elasticity theory is used. According to Eqs. (2), (5), and (7) 
Assuming the electric potential and magnetic potential to be zero at the ends of the METE nanobeam, the mathematical expressions of edge supports can be written in the non-dimensional forms as: This type of boundary conditions is for the sensor situation [45] . Another type of boundary condition is short circuit with the assumption of = = 0, which is for the actuator case [45] . In the present study, the short circuit has been considered and it is assumed that = = 0.
Numerical solution
To solve the post-buckling problem of METE nanobeams subjected to the thermo-electro-magneticmechanical loadings along with various end supports, the GDQ method [46] is rst used to discretize the nonlinear coupled equilibrium equations and associated boundary conditions. Then, the discretized equations are solved on the basis of the pseudo arc-length continuation method. If N is the number of grid points in the xdirection, the grid points, i , on the basis of the shifted Chebyshev-Gauss-Lobatto grid points can be considered as: In the case of post-buckling problem, the applied external axial load is assumed to be N 0 x = p.
Transforming the equilibrium equations (Eqs. (22a)-(22e)) into the discrete forms according to the GDQ methods gives:
KX pK g X + N(X) = 0; (32) where X, K, K g , and N(X) are the eld variables vector, sti ness matrix, geometric sti ness matrix, and nonlinear part vector, respectively, which are calculated by Eqs. (33a) to (33c) as shown in Box I. where N = (
2 D (4) ). Moreover, (34c) where is the Hadamard product de ned in the Appendix. The boundary conditions can be discretized in the same way. For instance, the discretized edge conditions for an METE nanobeam with C-C end support (see Eq. (24)) can be written as: U = W = = = = 0 at = 0; 1: (35) The governing equations of the domain equilibrium together with associated edge conditions represent a set of nonlinear problems of the form:
F : R 5N+1 ! R 5N ; F(p; X) = 0:
The pseudo arc-length continuation algorithm [47] is utilized to estimate the post-buckling path of METE nanobeams under the magneto-electro-thermomechanical loading.
Results and discussion
In this section, numerical results are provided to examine the size-dependent post-buckling behavior of the METE nanobeams with SS-SS, C-SS, and C-C end supports subjected to magneto-electro-thermo-mechanical loading. It is assumed that the METE nanobeams are made of the two-phase BiTiO 3 -CoFe 2 O 4 composites with the material properties given in Table 1 [36, [48] [49] [50] . The in uences of the non-dimensional nonlocal parameter, external magnetic potential, external electric potential, and temperature rise on the post-buckling path of the METE nanobeams are discussed in detail.
First of all, in order to verify validity of the proposed model and solution methodology, the rst three normalized critical buckling loads (P = N 0 x L 2 =12D 11 ) of METE nanobeam with SS-SS edge supports corresponding to various nonlocal parameters are listed in Table 2 and compared with the analytical results given by Li et al. [51] . It can be found that the results provided in this investigation are in good agreement with those of Li et al. [51] .
The in uence of the non-dimensional nonlocal parameter, , on the post-buckling path of METE nanobeams with SS-SS, C-SS, and C-C edge supports corresponding to the rst and second buckling modes, respectively, is represented in Figures 2 and 3 , where the non-dimensional maximum de ection of the METE nanobeam (w max ) versus the non-dimensional applied compressive axial load is plotted. The nondimensional applied compressive axial load is de ned as P = N 0 x L 2 =D 11 . Moreover, in addition to the associated critical buckling loads, the results of the classical METE beam ( = 0) are given for a direct comparison. For all types of edge supports, an increase in the non-dimensional nonlocal parameter decreases Moreover, compared to the METE nanobeams with C-SS and C-C end conditions, the nonlocal parameter has lesser in uence on the critical buckling load and postbuckling path of SS-SS METE nanobeams. Another nding is that the e ect of nonlocal parameter on the critical buckling load and post-buckling path of METE nanobeam associated with the second mode is more signi cant than in the rst buckling mode. Figure 4 shows the e ect of temperature rise on the critical buckling load and post-buckling path of METE nanobeams with SS-SS, C-SS, and C-C boundary conditions. According to this gure, with increasing the temperature change, the critical buckling load decreases and maximum de ection of METE nanobeam in the post-buckling domain increases. In fact, increasing the temperature rise generates higher axial compressive loads, leading to more reduction in the sti ness of METE nanobeams. Moreover, it can be seen that the in uence of temperature rise for METE nanobeams with SS-SS edge conditions is more considerable than that for other ones.
The e ect of external electric voltage on the postbuckling responses of METE nanobeams with SS-SS, C-SS, and C-SS edge conditions is examined in Figure 5 . It can be seen that, due to the imposed positive electric voltages, the METE nanobeam experiences larger post-buckling deformations than in the cases without and with negative electric voltages. Moreover, the positive values of external electric voltage decrease the critical buckling load of METE nanobeams, while the negative electric voltages have an increasing e ect. In fact, the positive and negative external electric voltages respectively generate compressive and tensile in-plane forces in the METE nanobeams leading to decrease and increase in the sti ness of nanobeams, correspondingly. Figure 6 depicts the post-buckling responses of METE nanobeams subjected to various external magnetic potentials. The METE nanobeams subjected to the negative external magnetic potentials undergo larger post-buckling deformations and lower critical buckling loads, indicating that higher negative magnetic potentials cause the stability of METE nanobeams to decrease. The reason is that negative magnetic potentials generate a compressive axial force and, consequently, lead to decrease in the sti ness of METE nanobeams. Obviously, the positive external magnetic potentials can lead to high critical buckling loads and a considerable increase in the post-buckling load-carrying capacity in comparison with the negative magnetic potentials.
Concluding remarks
In the present study, the size-dependent post-buckling characteristics of METE nanobeams subjected to the magneto-electro-thermo-mechanical loading were examined. To this end, a size-dependent nonlinear rstorder shear deformable nanobeam model was developed, which contained the e ects of small-scale parameter, thermo-electro-magnetic-mechanical loading, and transverse shear deformation. Using the Eringen's nonlocal elasticity theory, rst-order shear deformation beam theory, and von K arm an hypothesis, the nonlinear governing equations and corresponding boundary conditions were obtained. The GDQ method was used to discretize the nonlinear governing equations, which were then solved using the pseudo arc-length continuation method to obtain the post-buckling path of the METE nanobeams under various edge supports. Finally, the e ects of various parameters such as nonlocal parameter, external electric voltage, external magnetic potential, and temperature rise on the postbuckling path of METE nanobeams were examined in detail. The results revealed that an increase in the nondimensional nonlocal parameter as well as temperature rise decreased the critical buckling load and postbuckling load-carrying capacity of METE nanobeams. Moreover, due to the imposed negative electric voltages and positive magnetic potentials, the critical buckling load as well as post-buckling strength of the METE nanobeams increased. 
